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Sharing the “Cost” of Multicast
Trees: An Axiomatic Analysis
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Abstract—Given the need to provide users with reasonable that flow among the receivesThe whole point of multicast
feedback about the “costs” their network usage incurs and the s to increase network efficiency by sharing a delivery tree.

increasingly commercial nature of the Internet, we believe that We ask: How are these savings allocated among the various
the allocation of cost among users will play an important role ) .
members of the multicast group?

in future networks. This paper discusses cost allocation in the )
context of multicast flows. The question we discuss is this. When ~There are many possible ways to allocate costs; we use
a single data flow is shared among many receivers, how does onean axiomatic approach to discriminate among the various

split the cost of that flow among the receivers? Multicast routing possibilities. We first discuss several desirable properties that
increases network efficiency by using a single shared delivery tree. a cost allocation scheme should have, such as anonymity

We address the issue of how these savings are allocated amongi tiall t b Using th
the various members of the multicast group. We first consider an (€ssentially, symmetry among group members). Using these

axiomatic approach to the problem, analyzing the implications of Properties as a basic set of axioms, we analyze the family
different distributive notions on the resulting allocations. We then of cost allocation functions that are consistent with these

consider a “one-pass” mechanism to implement such allocation axjoms. Thus, this axiomatic approach allows us to explore
schemes and investigate the family of allocation schemes suchng jmplications of various notions of faimess and equity in
mechanisms can support. . .
cost allocation. Of course, one must not consider only such
Index Terms—Cost allocation, cost sharing, Internet economics, jdealized properties but must also consider how to implement
multicast, network accounting, quality of service (QoS). such a cost allocation strategy. We discuss one approach to
implementing cost allocation strategies, called the “one-pass”
|. INTRODUCTION approach, and analyze to what extent this approach can be
made consistent with the basic axioms.

ECAUSE of the long history of government subsidy in Our investigation is in the context of a very simple network

the United States and other countries and the relativel . S . . .
) : .Trlodel (we consider generalizations in Section VI). There is
cooperative Internet user population, the data networking . e O : ;
; o . . assingle static distribution tree (i.e., routing and group mem-
research community has paid little attention to the issue of = . . .
. . ership does not change) with a single source and multiple
cost allocation. In the United States, however, the Internet has ~. . . ) )
L - réceivers. The network provides a single quality of service to
become almost completely commercial (i.e., unsubsidized) a : ;
. o : all members of the multicast group. There are costs associated
so issues of cost recovery and profit incentives, for better oOr . i
. with each link traversed by the flow. These costs could be tied

worse, have become much more relevaie believe that

cost allocation will become a verv important issue in thito usage or reservations or both; for the purposes of our model
y imp R doesn’t matter. The problem is to fully allocate the cost of

environment. .
By cost allocation we mean the assignment to various usgge flow among the receivers.
y 9 SThis paper has six sections. We start in Section Il by

of some measure of the network resources they are consuming.... - : . X
. ) o .__cldrifying some aspects of our approach and briefly discussing
This paper discusses cost allocation in the context of multicas . ; :

ated work. We then present the basic model in Section Il

. . S . e

flows. The question we discuss is this: when a single data flow | . . . . : .

. . . and discuss various cost allocation axioms in Section IV. We
is shared among many receivers, how doesspliethe cost of . . S . .

turn to issues of implementation in Section V where we discuss
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and they want to make the right decision about the wise use
of network resources, they need to be informed about the
“cost” their usage imposes on the network. This cost can
be in terms of congestion-induced performance degradation
imposed on other users and/or in terms of the actual capital
and maintenance cost of the network facilities themselves.
Moreover, it is crucial to distinguish between cost allocation
and pricing. Pricing is the form and amount of payment md,m5,mé
extracted from the end user; pricing schemes are often based
on many factors besides cost, such as demand elasticity, 1. A simple example of a network.
market structure, and price stability. Cost allocation is how the

network assigns, internally to itself, portions of the total cost tis jiterature is how to assign to each player a share such
various users. There is not necessarily any direct relationship; the sum of the shares equals the value of the complete
between the allocated cost and the prices charged to individyg} (see [18], [20]). Axiomatic approaches are often, in fact

USETS. almost exclusively, used to analyze such cooperative games.

However, even though not charged directly, these allocatgfle axioms presented in this paper are very similar to those
costs can serve as useful input to some pricing schemes. EQLy in the theory of cooperative games.

instance, network users might buy a monthly quota of network Megiddo [13] considered the computational complexity

service, with the amount debited from this quota based on t&‘?computing various cost sharing formulas in a family of
allocated costs. The user would have the benefit of eXtre'&?operative games which have the same structure as the
price stability (in terms of what they paid every month) bubophiem we consider here. There is also a very extensive
yet would also gain from the increased efficiency of multicagferature on minimal cost spanning tree games, which differ
(see [25] for a fuller discussiort). , from what we consider here in that the routing is always
We are making the fundamental assumption that costs @igysen to minimize the total cost. See [23] for a lucid overview
assigned to the receivers of the multicast group and not §pihese results and for a much broader discussion of network
the sources. This is for two reasons. First, it is completely,qels in economics. In a more recent paper, Henriet and
trivial t.o assign a fixed portiorj of.the costs to .the SOUré@oulin [8] considered a network model where costs are
and this changes almost nothing in our analysis except i rred for connecting to a central switch and the pairwise
compllcgte notation; so for convenience, we do. no't expll'cnlyaﬁic matrix is known; the spirit of the analysis is very
treat th|s_ case. Second, multicast memberS_hl_P is typicallyiiar to ours, but the network model is rather different.
receiver initiated (see [6]) and so responsibility for datiypie there is a rather active literature on these network cost
flowing over I|.nks. rests primarily with thg receivers. Ther%llocation problems, we are not aware of any treatment of the
are some applications where a more sophisticated cost shagig:anisms needed to implement such cost allocation schemes
arrangement between sources and receivers is needed, bufdug oy r discussion in Section V). While the presentation in this
consider this to be a higher layer issue and do not addr%er is geared toward the networking research community,

it_here. _ _ ~ we have included several footnotes that relate our work to the
We now discuss some related work. There is a rapidly.qnomics literature.

growing literature on pricing in computer networks (see [2],
[3], [5], [12], [21], [24], [25] for a few representative ex-
amples). However, this literature does not typically relate the
prices charged to any underlying cost of network usage. Theln this section, we first present our abstract model and then
emphasis is on the strategic (utility maximizing) behavior diustrate it by discussing several simple examples of cost
users, and the profit maximizing behavior of firms, rather thalocation policies.
on the equitable distribution of costs that we consider here.

There is a large economics literature on cost allocatidh Basic Definitions

(see [19] and references therein, for a brief overview). Cost|n this section, we present an abstract model of the cost-

allocation is usually treated as a special case ob@perative sharing problem. The abstract model defines a formal de-

game A cooperative game is one in which there afeplayers scription of thenetwork technologyor multicast transmission

and there is some value functidn that assigns a value toover a network and the structure ofcurred costsof such

each coalition or subset of players. The question addressedabyhulticast transmission. The model we describe below is
illustrated in Fig. 1 for a simple network scenario.

3Calculating the costs for a unicast flow is a difficult problem. How does The network technologynodel has three components: net-
one quantify congestion costs? How does one relate capital and maintenanced(

costs to the cost assigned to users? We do not address these questions. |n¥t’é?{, tOpOIOQy’ group memberSh'p’ and a routing function.
no matter how they are calculated, we address the issue of how to split thiletwork topologydescribes the physical connectivity of the
among the users. network in terms of vertices (nodes) and linké.= (V, L, T)
4We should also point out that even though costs are allocated tOi”diVid'dﬂ?scribes a networkV, with nodesw; € V, directed links
users, the recovery of those costs might occur at a much higher level ! . . ' .
granularity. For instance, USC might be responsible for all of the cost¥is Uj) € L, and a routing functiorll”. Let M describe
allocated to its students and staff. the set of multicast group membersve denote individual

I1l. THE COST ALLOCATION MODEL
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members bym, € M. Each packet sent to this multicasive explore how to allocate this cost among the individual
group by any source, not necessarily a member of the gronpembers.
will go to all membersM of the group. We will use the terms  We denote acost allocation functionby of(N, R, M,
membetandreceiversomewhat interchangeably. The mappingpc, c);
of individual members to specific network nodes is describedis represents a specific cost allocation strategy.
by the location functiorioc: M +— V. Therouting function Given a network technology defined by = (V, L, T),
abstraction describes the path taken by packets when a serdegroup membership defined by and loc and a cost
transmits to the group. lanicast routing the routing function structure defined by the link costs the allocation function
L' = T(N, R, v;) takes a networkV along with a source af defines the cost that will be individually assigned to
(root) R and a receiver; and defines the set of directed linkamembers of the multicast group:f,(N, R, M, loc, ¢)
that establish the path betweddt and v;. While we make denotes the allocation to member
no particular assumptions about the optimality of this unicastFor any distribution there may be numerous ways of al-
route, we do assume that the set of unicast routes from a sinigieating costs to receivers and our focus in this paper is on
root R to all other nodes forms a tréén this paper, we assumeproviding a rationale for discriminating among these allocation
that multicast routing is based on loop-free unicast routing; thalicies. We restrict ourselves to policies that fully allocate the
is, multicast routing creates a source rooted distribution treests incurred. We require that
created from the union of the unicast paths between the root
and the set of receiver§(N, R, V') = Uy, ey T(N, R, v;) > afa(N, R, M, loc, ¢) = cf{T[N, R, loc(M)], ¢}
for all subsetsV’’ C V. ma €M

We now turn to the structure of incurred costs. Our abstract VN, R, M, loc, ande.

model considers the allocation of costs for each data flow

individually where data flow refers to a particular sourc¥/e call this equality théalanced budgetondition. Moreover,
sending to a particular multicast group destination. we restrict ourselves to allocatirmgpsts which means that all

For reasons of simplicity, we associate all costs with ttfdlocations are nonnegative (i.e., no receivepasd for using
links that the packets traveréavhile these costs could ariset® Network)
from many different asp_ects of network usage (e.g., ban_dwidthafa(M R, M, loc, ¢) > 0 Va, N, R, M, loc, andc.
buffer usage, reservations), we lump all of these different
costs into a single quantity. Because we assume that
same quality of service is delivered to all receivers, the lin
costs are independent of which receivers, or how many, arelhe previous section described our abstract model of cost
downstrean. Later, in Section VI, we discuss generalizationgllocation and here we present a few examples of allocation
of the model to incorporate multiple qualities of service. ~ strategies. We use the sample problem depicted in Fig. 1 to
Moreover, we should note that our abstract model is ifllustrate these example of cost allocation strategies.
tended to address the problem of cost allocation among a giver] he simplest approach to allocating costs is to merely divide
set of group members with a given network topology; thihe total cost equally among all receivers; we call this the
paper does not explicitly address dynamics, either in membegual tree split (ETS) scheme. In the example depicted in Fig.
ship or in topology. However, one can apply our approach fe all members are allocated the c@g:, v2) + c(vz, v3) +
allocating cost for time slices and presume sufficiently stativz, va) + c(v1, vs)]/9.

behavior within those time slices to render the resulting costThe ETS policy does not discriminate between those re-
shares a reasonable approximation. ceivers far from the source and those close to the source and

The set of link costs for a given netwoiX = (V, L, T) is thus does not attempt to hold receivers accountable for the
defined as: L — R, where we use the symb#,. to denote costs their individual membership incurs. However, the cost
the nonnegative reals. Thmst functionof a distribution tree Of a particular link is incurred because there is at least one
comprised of linksL’ is merely the sum of all the directeddownstream receiver and so while all downstream receivers
links in L': ef(L, ¢) = E('v- el (v, v;). In this paper, can be considered equally responsible for the cost, all other

v receivers are not responsible at all. This leads to a different

5This assumption follows if whenever the route frdinto nodewv; passes gpprqach to allocating costs, one where the COS.;'[ of each link
through node;, the route from? to v; is a subset of the route fromt to IS SPlit equally among only the downstream receivers. We call
v;. We also are assuming that routing is only a function of the location of thiiis the equal link split among downstream members (ELSD)
receiver. Some routing protocols allow receivers to request different qualg)éhemes. For instance, in the example above, the cost allocated

of routes, which would violate our assumption. 1i . he i td t f link d
6 Although most reservation protocols reserve link resources and not int}:‘g—m IS €ro, SINCce She IS not downstream of any liNks, an

node resources, we acknowledge that some intranode resources may be cagycost allocated tg4 is given byc(vy, va)/7+c(ve, v3)/3.
(like internal buffers, CPU cycles, etc.). Intranode costs can be attributed toOf course, all multicast cost allocation policies should be

links by ascribing the intranode cost associated with processing incoming d ; :
to the incoming link and the overhead for outgoing data to the appropria¢@npared to the unicast costs. The total cost of separate unicast

outgoing links. transmissions is higher than the total cost of the multicast
"The downstream portion of a tree relative to a link contains all the nod&&@nsmission and different allocation policies distribute this

(and members) that incorporate this link in their unicast path from the root.

The upstream portion is merely defined as the portion of the tree that is noBFor those familiar with the concept, this is the Shapley value [22] of this

downstream. problem.

e
. Examples
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surplus differently. Unicast is not a real cost allocation strateglyen

(in the sense of our model) since it allocates to members more ,

than the network costs; however, it does provide a useful point @/a(&V; B, M, loc, ¢) =afs(N, R, M, loc’, ¢) and
of comparisor?. The unicast cost of member is given by afs(N, R, M, loc, ¢) =af,(N, R, M, loc, ¢) and
2 (vs, v)ETIN, R, loc(my)] ¢(vi> vj)- For the example in Fig. 1, af+(N, R, M, loc, ¢) =af,(N, R, M, loc/, c)

the unicast cost ofnd Is c(v1, va2) + c(ve, vs). Vi, € M — ma —ma
¥ e! 8-

Link costs can come from many sources such as per-packet
IV. AXIOMATIC ANALYSIS costs, per-hour costs, and per-connection costs. They can also

Wi | his ab del of hari h h ome from link-transmission costs, buffering costs, etc. In
e analyze this abstract model of cost sharing throug ;Erder to avoid the additional complexity and overhead of

use of axioms. we use, as axioms, proper’ue; that. desir Sependently allocating all such costs, the cost allocation
_cost_—sharlng formula T"'ght have and _then mvestlgat_e_ “gﬂould not depend on whether the accounting method allocates
|mpI|ca'F|ons Of. assuming these properties. Wh‘?t add't'onf’ﬁlese costs separately or jointly. That is, it should not matter if
properties are implied? What forms of cost-sharing rules e various components of the link costs are combined into one

allowed? . X
! . . . . L single cost to be allocated or if they are separately allocated.
We first, in Section IV-A, identify thredasic axioms that This is expressed in the following axiom.

describe the process of allocating cost. These axioms describe

which aspects of the problem are relevant to the cost-sharingdxiom 2— Additivity: Given any two sets of link costs, the
formula. We assume that the basic axioms apply throughsm of their respective cost allocation functions is equal to the
the rest of Section IV. We discuss the implications of theg®st allocation function of the sum of the two sets.

basic axioms in Section IV-B and then present a few examples Formal definition: Given any networkN = (V; L, T)),
cost allocation policies which satisfy them in Section IV-C. Iioot £, member sef/, placement function loc, and any two
Section IV-D, we identify a few additional axioms that expred#k cost functionscl and c2

different policy objectives of cost-sharing and we explore the
implications of each of these axioms when combined with the af(N, R, M, loc, el +¢c2) =

three basic axioms. af(N, R, M, loc, ¢1) 4+ af(N, R, M, loc, ¢2).

The cost allocation formula must depend on the underlying
A. Basic Axioms network topology. However, it is preferable for this topological

The three basic axioms describe aspects of the cost shaffgendency to be restricted to factors related to cost. For
problem that should be irrelevant to the actual cost sharifitftance, if we took a single link and artificially broke it
formula. into two links (spreading the cost of the link between the

We start by observing that a cost-sharing formula shoul© links), the cost allocation should not change. A more
be invariant under arbitrary relabe”ng of equiva'ent memberg,eneral form of this intention is that the cost allocation should

it should not have an intrinsic and arbitrary asymmetry buily depend on the set of costs incurred by each subgroup.
into it.10 If two networks incur the same costs for every subgroup of

) . ] members, then they should allocate the cost in the same way.
Axiom 1— Anon_ym|t§z? Name labels, by which membersthis condition, that two networks incur the same costs for
are identified, are irrelevant to cost allocation. serving each subgroup of members, is actually quite strong; in
Formal definition: Given any networkV = (V, L, T),  particular, every unicast cost must be the same, every cost for
root R, link cost functionc, member set\/, two placement g pair of receivers must be the same, etc. Any changes in the
functions loc and Idcand any two members., andms € M petwork that preserve this property might well be considered

if irrelevant to cost allocatiof?

, Axiom 3— EquivalencyConsider two networks with the
loc(ma) = |°C/(m,8) and same single group of members; if the cost of serving any
loc(mys) = |°C/(ma) and subgroup of members is identical in both networks, then the
loc(m.) =loc'(my) Vm, € M —mq —mg allocated costs must be the same.

Formal definition: Given a single set of membeid and
two different network scenario®’1, R1, locl, ¢1, and N2,

9Note that if the allocated multicast cost is greater or equal to the unicaB2, l0c2, ¢2
cost there may be no incentive to use multicast. if

10This does not mean that there cannot be systematic asymmetries (e.g., ,
charging professors more than students on a campus network), but these cf{T[N1, R1, loc1(M")], c1} =

asymmetries should be described as a nonequivalency of members (e.g., ’ ’
introducing two classes of members into the formalism). cf{T[NQ, R2, |OC2(M )]7 62} VM C M

1INotice that this axiom implies that two members located at the same
node must be allocated the same cost(#og ) = loc(mg) = afa(---) = 12This axiom implies that the only relevant aspect of the problem is the
afg(--). induced cooperative game; all other aspects of the topology are irrelevant.
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then 1) Equal Link Split Downstream (ELSD)

af(N1, R1, M, locl, 1) = Fulna, na) = 0 Fa(na, na) = 1
af(N2, R2, M, loc2, ¢2). N

] ] 2) Equal Tree Split (ETS)

B. The Canonical Form of Cost Allocation Formulas

The three basic axioms presented in the previous section Ey(n, ng) = Fy(nu, ng) = ;_
greatly reduce the scope of allowable cost-allocation policies. N + Mg
In this section, we show that all cost-allocation policies
satisfying these three basic axioms can be expressed in
very simple canonical form. We consider functioﬁs{Z}r -
(0,0)} — %2, where we use the symbd, to denote the
nonnegative integers. We define the family of functigfis
to be those functiong™: {ZZ — (0, 0)} — RZ that satisfy  4) Cost is charged relative to the number of receivers

g,) Cost is charged to upstream receivers

1
Ey(ny, ng) = —; Fyln,, ng)= 0.

n U

the properties 1) z, Fi(z1, z2) + zoFs(z1, 22) = 1 and 2) upstream/downstream
I1(0, z) = I(z,0) = 1. Note that the setF is convex: N ny
FGeF= [pF+(1-uwG e Fforal o< <1, Also, Fu(nuvnd):m; Fd(ﬂm”d):m-

we know thatF»(0, z) = Fi(z, 0) = 1/z for z > 0.2
We now use these functions to define cost-allocation stra}s- Additional Axioms

gies. Consider a linkv;, v;) with a costc(v;, v;) where there ) ) i
aren, > 0 receivers downstrea®and n, > 0 receivers 1he basic axioms address the issue of what factors can

upstream. We use a functidi = (F,, Fyy) € F to determine be considered relevant to cost allocation. These axioms have

the fraction of the link cost that is allocated to each upstreafHPstantial reductive power in that they define a class of

or downstream receiver. Members are allocated the f0||owih‘,%n0niCa| cost allocation strategies. However, as the examples
above show, one can allocate all costs to upstream nodes, to

costs:
downstream nodes, anywhere in between. Thus, this family
For each upstream member: F,(n,, ng) * c(v;, v;) of canonical cost allocation strategies incorporates a wide
For each downstream membeF, (n.,, n4) * c(vi, v;). variety of distributive notions. We use the phratistributive

notionto mean standards of equity or justice that allows one
The total cost allocated to a member is the sum, over &l discriminate between allocation policies. Our next step is
links, of its share of each link cost. to examine some additional axioms that express particular
Cost-allocation strategies that can be expressed in termgligitributive notions. These axioms can be used to select a
a function /' € F are calledcanonical strategies. Note that Subset of canonical allocation strategies.
the first condition above in the definition ¢f ensures that Stand-Alone and Related Axiom&ne such distributive
costs are fully allocatedt, F, (1, n14) 14 Fa(na, ng) = 1. notion is that a member’s cost should reflect the benefits of
It is fairly clear that all canonical strategies satisfy the thrg@ulticast. Just as the total network cost of a multicast flow
basic axioms. More interestingly, all cost-allocation strategié less than the sum of the costs of unicast flows to each
satisfying the basic axioms are canonical. member, one might require that each individual allocated cost
in a multicast flow never be greater than the cost incurred

'_I'heor_em LA co§t _al_location fqrmula satisfies the baSi(by the corresponding unicast flow. This yields the following
axioms if and only if it is a canonical strategy. axiom

Axiom 4. Stand AloneThe unicast cost of a member is an

. . _upper limit on her cost allocation.
In this section, we present several examples of functions Eormal definition:

F e F. Two of the functions were already introduced in

Section IlI-B. Since we know thaf;(0, nq) = 1/ng for afa(N, R, M, loc, ¢) <cf{T[N, R, loc(m)], c}

all F € F, we merely describe the functions on the Z§t+ VN, R, M, loc, ¢, ma € M.
below (whereZ, , denotes the positive integers). Since the set

Fis convex, all linear combinations of the examples below The stand-alone axiom protects the individual; every indi-
are also in*. vidual receiver is guaranteed that joining a group can never
. cost more than her unicast cost. Assuming users have the
'The second condltl_on in the defmmory &F is unrelated to allocations, power of choice in their network activities and assuming
but is merely used to simplify the expression of Theorem 11. . . ..
14 o . , self-interest guides them, users would not want to join a
For our use in this section we need only have defifiedn Z x Z h d h . if th isk . in thei
(where Z , denotes the positive integers) but we will make use of th§"'ared group Or receivers | they risk an increase mt €ir own
family of functions again in Section V where we need the larger domaallocated cost&® Insisting upon the stand-alone axiom when
of {ZZ — (0, 0)}.

151 there are no receivers downstream then this link is not part of the 160f course, in a cooperative environment receivers may choose to risk
distribution tree and we can ignore its costs. having increased costs if the total cost distributed to the group decreases.

C. Examples of Canonical Cost Allocation Strategies
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combined with the basic axioms means that there is one and’heorem 3: A cost allocation function satisfying the basic
only one applicable cost allocation stratégy. axioms and the no-free-rider axiom must satisfy

Theorem 2: A cost allocation function satisfies the basic
and Stand-Alone axioms if and only if it is the Equal Link
Split Downstream (ELSD) function.

A stronger form of the Stand-Alone axiom is the “Sharing-
is-Good” axiom. This axiom embodies the distributive notion Subset MonotonicityThe essential guiding principle behind

that sharing a multicast tree with more members alwayide equivalency axiom is that the cost allocations should
benefits everybody. depend only on the costs incurred by the various subsets or

) o coalitions of members. Another distributive notion that arises
Axiom 5. Sharing-is-Good-The cost allocated to a membef oy this principle is that the cost allocated to a particular
never increases when another member joins. member should be monotonic with respect to these subset
Formal definition: costs. More precisely, if we consider two cost structures
and¢2 (that is, we consider the networkK and the members

afo(N, B, M +my, loc, ¢) < afo(N, R, M, loc, ¢) M fixed and we merely consider two sets of link costs), then
VN, R, M, loc, ¢, m.,, andm,, € M. if for every subsetM’ C M the total cost of serving/’ is
no greater under costl (compared toc2), then one might
The ELSD scheme satisfies the sharing-is-good axiom, sineguire that the allocated costs undérwould not be greater
the share of costs from each link strictly decreases with thgan those undes2. This yields the following axiom.
number of downstream members (and is independent of the " . .
number of upstream members). Clearly any cost allocationXiom 7— Subset Monotonicityo cost allocation can in-
scheme obeying the sharing-is-good axiom also obeys {HEaSE when subset costs all decrease or stay the same.
stand-alone axiom. These two axioms both describe an upper FOrmal definition: Consider an arbitrary tree
bound on the cost that can be allocated to a particular member.
However, we might also be concerned about the problem of L' = T[N, R, loc(M)] and two link costs:1 andc2 :
free riders who are members who do not pay their fair share.
According to the stand-alone axiom, the most a member shoifid
pay is her unicast cost, and the sharing-is-good axiom requires
that the allocations decrease as members join. How much caff {T[V, R, loc(M")], e1} > e f{T[N, R, loc(M")], c2}
a member benefit without being a free rider? If all members VM CM
are located at the same node, then they all pay/|th of
their unicast cost. We suggest that any member paying legen
than this should be considered a free ritfer.

Fy(ng, ng) < Fy(ng, ng) YV (N, Nd) € Zyp X Zg.

Axiom 6— No-Free-RiderThe cost allocated to a member afa(N, R, M, loc, c1) 2 afa(N, R, M, loc, c2)
is never less than/|M|th of her unicast cost. Vma € M.
Formal definition:
It turns out that this axiom, when combined with the basic
|M| *afa(N, R, M, loc, ¢) > e¢f{T[N, R, loc(m,)], ¢} axioms, determines a unique cost allocation strategy; in fact,
VN, R, M, loc, ¢, andm, € M. only two of the three basic axioms are needed for this result.

Theorem 4: A cost allocation formula satisfies equivalency,

Eliminating free riders does not pick out a specific allocatiognonymity, and subset monotonicity if and only if it is the
scheme, but does narrow the range of possibilities. equal tree split (ETS) formula.

17This result is closely related to the standard axiomatization of the Shapl lusi .
value (see [20], [22]) in economics. Members attached at the root can usion Prevention

consideredlummy membetsecause adding them to a group does not increase Another aspect of allocation that is important to consider is
the total cost incurred. We can definelammy membeaxiom that says that

no member located at the root can be allocated a nonzero cost collusion. Whenever a cost is shared among clients, it may
be possible for several clients to unite and be represented

loc(rma) =R => afa(N, R, M, loc, ¢) = 0 by a single client who then forward the data on to them.

YN, R, M, loc, ¢ andma € M. This is analogous to the classic “copy and distribute” security

problem. Collusion among some receivers may increase the
Theorem 2 continues to hold if we replace the stand-alone axiom wi¢ost allocated to the other receivers and may decrease the

the much weaker dummy member axiom. The equivalency axiom means ta¢ficiency of sharing the transmission. We would prefer that
only the cooperative game matters (i.e., topology is irrelevant aside from the t all ti h t lusi th
cooperative game it induces). The basic result due to Shapley is that ther£OSt allocation scheme not encourage collusion among the

is one and only one budget balanced cost allocation formula satisfying thtembers. We, therefore, propose the following axiom.
additivity, anonymity, and dummy axioms, and this formula is now known as ) . )
the Shapley value. Axiom 8— Collusion PreventionThe cost allocation

18This is much like the unanimity bound in economics (see [14], [15]). scheme does not yield benefits for colluding members.
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Formal definition: Consider an arbitrary networV = A. One-Pass Accounting Schemes

(V. L, T), arootR, a set of link costs;, a set of members  \ye have made the fundamental assumption that costs are
M and their location function loc. For each subdét C M 5y 15cated among receivers and not just assigned to the sender.

andm, € M" Because the number of receivers can become quite large and
widely dispersed geographically, the key concern in designing
> afa(N,R,M,loc,c) < afy(N,R,M — M’ accounting mechanisms is scalability. It is important that the
ma €M’ traffic load imposed by the accounting mechanism on any

+ my,loc, ¢) + ¢f{T[N,loc(m.,),loc(M’ —m,)],c}.  particular link should not increase (without bound) with the
size (in terms of numbers or in geographical dispersion) of
Obviously, collusion prevention is a desirable property fahe multicast group. Thus, scalability concerns rule out any
cost allocation formulas. Unfortunately, we can prove that rform of centralized accounting.
allocation strategy satisfies this axidth. In this paper, we consider only the family @ie-pass
Theorem 5:No cost allocation formula can satisfy themeghanisms whereby the accounting control messages make
collusion prevention axiom. a smgle pass from t_he source down the multicast _tree to all
receivers. While this is not the only scalable accounting mech-
. ) anism one might imagin®,it certainly seems among the most
E. Discussion natural. In this one-pass method of accounting, nodes allocate
We started this section with three basic axioms, which nagests to members as tlEcounting messageasses through
rowed the space of cost allocation strategies to the canonitt#m. The information used to make the allocation decisions
ones. Within this class we discussed how various distributigemes from two sources. The first source of information is
notions pointed toward different choices. Eliminating frewulticast routing (and perhaps the reservation establishment
riders restricts us to schemes that allocate more to downstre@iotocol if the costs are related to reservations), which provides
members than to upstream members. Subset monotoniditiormation about the downstream links. Traditional multicast
leads us to the ETS scheme, while the stand-alone axioawuting only provides information about whether or not there
suggests the ELSD scheme. Choosing between axiomsexést members downstream of a particular link. We call this
purely subjective, but charging a nonzero amount for a membgpdel 1 It is possible, perhaps only because it enables better
located at the root seems generally inappropriate. The owlljocation of costs, that multicast routing could provide the
canonical allocation scheme that always allocates zero @gact number of members downstream of each link. We call
members located at the root is the ELSD scheme, and this model 222 If the link costs are tied to reservations then
perhaps it is the most natural choice. this information about the number of downstream members
Our treatment here is completely static. Consider, for raaking reservations could be provided by the reservation
moment, the dynamic policy of allocating to each member tlestablishment protocol. We will consider both models in what
incremental cost of adding them to the distribution tree. THellows. As we shall see, there is an important difference in
resulting allocations depend on the order in which membei®e functionality that can be achieved in the two models.
joined, which seems rather unfair. It might seem appropriateThe second source of information is the accounting mes-
to then average these incremental costs over all arrival ordesgge itself. The design of a one-pass accounting mechanism
Indeed, this averaging produces the ELSD allocatféns. essentially reduces to the question of what information is
In this section, we discussed various cost allocatio@rried in the accounting message sent downstream. To ensure
schemes from an axiomatic perspective. The next sectisgalability, this information cannot grow with the size of the
discusses mechanisms for implementing these cost allocatioulticast group, nor with the number of links traversed. This
schemes. prevents us from carrying detailed information about each
upstream link cost and each member’s allocated cost. Instead,
we choose to carry only a single piece of information in the
V. ACCOUNTING MECHANISMS accounting message: the unallocated or residual cost passed
In this section, we use the termccounting schemet down from the upstream node. While this is not the most
denote mechanisms for implementing cost allocation schemgeneral form of accounting message it seems a natural and
First, we discuss the general structure of one class of &mple choice.
counting schemes we calhe-passchemes. We then describe Thus, with this form of accounting message, the costs are
two different models of implementation of such schemes|located with the following process. The accounting message
models 1 and 2, which differ in the information provided
about downstream members. Each of these models is examinez%for instance, one could design an accounting method that involved two
according to the central question raised throughout tis SeCtiBEE= s o1 552055, one downstean and e other back upsrear
What forms of cost allocation schemes can this family @bntinued to circulate until an equilibrium had been reached.

accounting mechanisms support? 2270 do any form of cost allocation we must be able to identify all members
at a node, if for no other reason than to give them the feedback about their
19 . . ) . allocated costs. The question is then which protocol will carry these numbers
l\_lote that th|§ re;ult applies for all cost allocation formulas, not just tho?ﬁpstream. It appears to be simple to modify most multicast routing protocols
obeying the basic axioms. to carry the cumulative membership numbers upstream once the number of
20This is the standard motivation for the Shapley value. local members is available.
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arrives at a node on the incoming link from an upstream We first discuss model 2, because our treatment of it is
neighbor, carrying the upstream residual cost; we will catloser to our previously developed results. We then will return
this theinput costto the node and let {;) denote the input to model 1, where we will need to modify our basic set of
cost arriving at the downstream nodg The cost allocation axioms.

function determines how much of this cost is allocated to each

of the local members and how much is passed down to egghpodel 2

of the downstream next-hops. We will call the costs that are . . .
passed on thessidual outputirom a node, and let o(it;, v;) As we stated above, we are interested in the extent to which

denote the costs that are passed on from nededownstream these accounting mechani_sms can support cost allocation for-

nodewv;. The sum of all residual outputs plus the sum of aﬂ“”'as that obey our Previous axioms. As we s_how b_elow,

locally allocated costs must be equal to input cost as a resml?del 2 can support the basic axioms presented n Section [V-

of the balanced budget rule. When an accounting messag’ﬁién fact, there is _only one model 2 cost allocation formula

forwarded to the downstream neighbor, the cost of the li at obeys the basic axioms.

connecting the two nodes is added to the residual costs and'heorem 8: ELSD is the only cost allocation formula that

this sum is carried in the accounting message as input cost®ys the basic axioms and that can be implemented with a

to the next-hop node: thus, (i) = c(v;, v;) + out(v;, v;) model 2 one-pass accounting mechanism.

whenwv; is a next-hop downstream af,. At leaf nodes, all ~ This follows trivially from Theorems 2 and 6. How is

costs are allocated to the local members. At nodes with titie ELSD formula implemented? Consider some nogén

local members, all costs are passed down to the downstregwa distribution tree; we letmem(v;) denote the number

next-hops in the accounting message. of members located in the subtree rootedwvatand recall
One-pass accounting is a distributed accounting schertieat in(v;) denotes the input costs in the accounting message

Independent cost allocation decisions are made by each amriving atv;.%* The cost allocated to each local member is

dividual node based on the information provided to it bin(v;)/tmem(v;). For each link(v;, v;) in the distribution

multicast routing (either model 1 or model 2) and the agree, oufv;, v;) = in(v;) * tmem(v;)/tmem(v;) and so

counting message. We assume that no other information abiout; ) = in(v; ) xtmem(v;) /tmem(v;) +c(v;, v;). Notice that

topology or group members can be factored into the allocati¢ie residual costs passed on to next-hops is proportional to the

decision. For model 1, since a node can make no meaningfulmber of receivers downstream. The cost of the connecting

distinctions between downstream links, we require that thiek is passed on fully to the downstream next-hop.

residual costs passed on to each next-hop are the same:

out(v;, v;) = out(v;, vx) for all links (v;, v;) and (v;, v&) I ¢ Model 1

the distribution tree. We further assume, in both model 1 and . . . :

model 2, that all nodes must implement the same allocation’V& NOW consider accounting mechanisms in the context of

rules. In order to achieve a consistent allocation scheme, del 1, where multicast routing only indicates which links

nodes, if given the same information, must produce the Saﬁ%evrz downstream members but not how many members are

allocation. . . . .
We will refer to cost allocation schemes that can be im- 1) Reduced Basic Axiomsile would like to invoke the

plemented with a model 1 one-pass accounting mechanidfr!C axioms presented in Section IV-A. Additive and anony-
as model 1 allocation schemes, and similarly for model gous cost-allocation schemes can be. supported (as we shall
The basic one-pass structure of cost accounting imposes s&%%f'_ndexﬁmplﬁs) by mo:jel 1 acgount_mg schemes. Howgvr1er,
significant restrictions on what cost allocation formulae caffe find that the equivalency axiom is not consistent wit

be supported. In particular, such one-pass accounting schem&je' 1.
can only support cost allocation schemes that satisfy the standtheorem 9: No cost allocation formula that is implemented
alone axion?3 by a model 1 one-pass accounting scheme can satisfy the

Theorem 6: For any one-pass accounting mechanism, rﬁgua/alencydaTlom. ) h iiv d
member can be allocated a cost greater than her unicast cost nus, mode 1_ accounting schemes are necessarlly depen-
We are interested in how many of our original axioms aI%ent on the physical topology, in contrast with the topological

consistent with our one-pass family of accounting mechanian%dependence of the equivalency axiom. For model 1 we will

Before we consider models 1 and 2 separately, we can rule 3 ][| require that thereducedbasic axioms of anonymity and

one axiom that does not apply to either of them. additivity still ho!d, but must relinquish thg equivalency axiom.
In the next section, we develop a canonical form for model 1
Theorem 7:No cost allocation scheme implemented with allocation schemes that obey these two axioms.

one-pass accounting mechanism can satisfy the subset mon@) The One-Pass Canonical FornConsider any model 1
tonicity axiom. allocation scheme that obeys the reduced basic axioms. At leaf
nodes, all costs must be allocated equally to local members.

23 stronger result holds. No subsatf’ C M can be allocated a cost
that is greater than their subtree cQst,, s afa(N, R, M, loc, ¢) < 24A nodew; knows the value ofmem(v;) for all immediate downstream
c¢f{T[N, R, loc(M")], ¢} YN, R, M, loc, M' C M, andc. This means members because this is a basic property of model 2. The node can calculate
that all one-pass accounting schemes produce results that aredoréi@ee tmem(v;) by adding up all thetmem(v;) for all immediate downstream
[23] for a definition). members and then adding the number of local members.
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TABLE | Theorem 11:A model 1 cost allocation formula satisfies
ExampLES OF MODEL 1 COST ALLOCATION STRATEGIES the reduced basic axioms and the sharing-is-good axiom if
and only if the functionsF;(n;, n,) and F,(n;, n,) are
nonincreasing o Z3 — (0, 0)}.
Local members pay nothing 0 - All model 1 allocation schemes obeying this mild restriction
ensure that the benefits of multicast are shared among all

Allocation Strategy Fi(ni,nr) | Fr(n,ny)

1

Local members pay all - 0 receivers. Note that of our examples in Table I, only the last
All locals are considered as 1 1 one fails this t'eSt' . . .

one next hop (ENHS) nln, +1) | no+1 Recall that in Theorem 3 a wide variety of canonical
Local members and next- 1 ] cost allocation policies satisfy the no-free-rider axiom. In
hops are allocated identical | ni+n, | nitn particular, the ELSD scheme, which is the only model 2

costs

allocation policy which obeys the basic axioms, satisfies the

Equal split bet 11 local 1 1 . . ) .
mombers and all iZ;hggi o 2 no-free-rider axiom. However, no model 1 allocation policies
> n, 1 satisfy the no-free-rider axiom.
7y
Majority Loses < 0 Ar Theorem 12: There is no model 1 cost allocation formula
™= = = that satisfies the reduced basic axioms and the no-free-rider

»
32

axiom.

At nodes with no local members, all costs much be passpd Discussion

on equally to all downstream links. Thus, the only design In Section IV, discussed a general axiomatization of al-
freedom left is how much of the residual cost to allocate lio . T

ocation policies. The ELSD scheme emerged as the most

the local members and how much to pass on to downstrea : . . . .

ractive scheme. We then turned, in this section, to issues

members when both are present. We can express the family . . . L
. . . : . otr’implementation. We discussed two different models in this

of possible design choices with tlmme-pass canonical form

I
. . section. Model 2 can implement the ELSD scheme, and in
of cost allocation formulae (supporting the model 1 one-p
accounting scheme).

APt this is the only model 2 scheme consistent with the basic
Each one-pass canonical form is associated with a functigﬁloms'.so’ it we _adopt model 2 in our implementations, th_ere
) . : seems little question that ELSD would be the most appropriate
F = (F,, F,) € F in the following way. Consider a node allocation policy
with an input cost of ifw;). If there aren; local receivers and However Whén we use model 1 we are faced with a
n Next hop nodes, the allocated costs are much more confusing situation. We cannot achieve the desired
) degree of topological independence, nor can we prevent free
For a local member om;: Fi(n, n.) *in(vi) _ riders. There are few distributive notions besides sharing-is-
For a next hop node;:  out(v;, v;) = F(n1, nr) *in(vi)  good and stand-alone that we can achieve. The ENHS scheme
All model 1 allocation schemes obeying the reduced badigs the property that its allocations depend only on the set
axioms can be expressed in this form. of nodes at which there are receivers; the allocations are not
, .. dependent of the number of receivers at the other nodes. While
Theorem 10:A model 1 cost-allocation formula satisfiesy;s js hardly a ringing endorsement, perhaps ENHS is the best
the reduced basic axioms if and only if it can be expressgd ihis rather sorry lot of allocation policies.
in the one-pass canonical form. How to choose between these two models? From the per-

Table | lists a few examples of possible allocation strategiégective of the accounting protocol needed to realize them, the
expressed in the one-pass canonical form. While the one-péfgrence in implementations between models 1 and 2 is very
canonical form appears very similar to the canonical forgmall. The key difference between the two models is in the
discussed in Section IV-B, there are important differencedvailability of the exact number of local members; once that
The previously discussed canonical form expressed how thiémber is available, it seems fairly straightforward to provide
cost of a particular link was allocated to all upstream arigjupstream either through multicast routing directly or through
downstream members. Here, the canonical form only descrili8§ reservation establishment protocol, or even through a
the allocation to local members and to downstream links. Singeparate set of accounting control messdges.costs are
we know thatF(n;, 0) = 1/n; and F,.(0, n,) = 1/n, for all tied to reservations, then model 2 is quite practical since
ni, ny > 0, this table only describes the allocations on thée number of local members is already known to receiver-
set Z-2++T° find the resulting allocation to all members wdnitiated reservation establishment protocols. However, most
must recursively iterate this formula down the tree. Thus, it f8ulticast routing protocols do not determine the number of lo-
much harder to understand what allocations will result from a,, o . ,

icul ical f If the number of local members is available, but multicast routing does
particu ar_ pne-pas_s canonical Torm. not propagate these numbers upstream, then one could add such a function

3) Additional Axioms:We already know, from Theorem 6, directly to the accounting mechanism and this would necessitate a second set
that all the one-pass allocation schemes must satisfy the Sto’g{@_ccounting control messages traversing up the distribution tree. This can

| . H I h I . h e viewed as an alternative implementation of model 2 since, as we observe
alone axiom. ] ovx{ever, not a such cost allocation sc em@éow, the basic allocation process can be adequately handled with a one-pass
obey the sharing-is-good axiom. mechanism.
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cal members and so if costs are applied more generally we #rese functions'(z,,, zq) = [Fu(zu, 24), Fa(zu, 24)] that”

faced with the tradeoff between the increased implementatisatisfy: 1) Eﬁzl 2 F (24, 24) + 2 F (2, 24) = 1 and 2)
difficulty of model 2 with the correspondingly better allocation, = 0 = Fi(z,, z,) = 1 andz} = 0 = Fi(z,, z4) = 1.
policy and the significantly easier implementation of model This function F(z,, z,) determines the fraction of the link
which comes with a seriously flawed allocation policy. Amost allocated to each upstream or downstream receiver based
intermediate point is to keep track of the cumulative numben the number of upstream and downstream receivers of
of domains with internal members instead of the number efich QoS levelnl, n}, ---, ni, ni ---n! n!. Given a link
individual host members. Only border routers would propagate;, v, ), the following costs are allocated to a member with
the member-domain counts upstream, eliminating the need @oS level::

interior-router modifications and thereby sidestepping much of
the implementation difficulties.

The discussion in this section focused exclusively on the
one-pass accounting mechanism. There are a wide variety ofyyitiple qualities of service also requires some changes in
other approaches available; why narrow consideration to thigyiementation. If there are a discrete set of QoS levels, then
particular family? From a purely mechanistic perspective, thgsgels 1 and 2 can easily be changed to include information
one-pass mechanism has several desirable properties: Simplgy ¢ the presence (or exact number) of members requesting
easy to implement, and scalable (in that the state carrieddfch jevel. However, a continuum of QoS levels (e.g., reserved
the accounting message does not grow with the number pingyidth) may result in as many QoS levels as the number
members or with the size of the distribution tree). In additionys (eceivers.
in the context of model 2, the one-pass accounting mechanisngyyr original network model addressed the issue of how to
can implement the ELSD policy which, on purely axiomatighare costs between equivalent users at different locations.
grounds, was identified as the most natural allocation péﬁcy_Having multiple QoS’s raises the issue of how to share the
The most obvious drawback with the one-pass accountipgst petween several members who are in the same place
mechanism is that when combined with model 1, it canngyt request different QoS level.We do not address this
implement allocation policies that obey the equivalency axiorgrohlem here, since it is a local issue. In contrast with the
While we do think it important to explore other accountingeeq for consistency in how costs are shared between users
mechanisms, we expect that achieving equivalency will requige itferent locations, the allocation of costs between different

information that is equivalent to knowing the number ofsryice levels at a given link is a decision that can be made
downstream members. That is, we believe that the key fac}g&a”y_

preventing equivalency is the difference between model 1
and model 2, not the features of the one-pass mechaniém
itself. '

For each upstream member: Fi(z,, z4) * c(v;, v;)
For each downstream memberfy(z,, zq) * c(v;, v;).

Different Reservation Models

Since multicast packets follow delivery trees, any “costs”
associated with individual packet delivery can be shared
according to our analysis here. However, for costs associated

To more clearly illustrate the basic issues inherent in shariggth reservations, the single source aspect of the tree must
the cost of multicast trees, we considered an extremely simple generalized. For instance, RSVP supports the sharing of
network model. In this section, we briefly discuss someservations by multiple senders with its wild-card and shared-
directions in which this model can be generalized. A fullesxplicit reservation styles. For these cases, the reservation
discussion of these generalizations can be found in [9].  established (i.e., the level of service) is independent of the

number of upstream sources. It can be shown (see [9]) that one
A. Different Qualities of Service can use the same canonical formalism as before (in Section

By assigning a single cost for traversing a link, our bast"B): except now the relevant distinction is not whether a
model implicitly assumed that all receivers request the sarffRFeIVer i upstream or downstream or a particular source, but
quality of service (QoS). It is clearly unrealistic to require sucyNether it is downstream any source.
uniformity of service; there will likely be cases where some
receivers request best-effort service and others establish reSerDifferent Multicast Distribution Models

vations with an assured quality of service. We can extend theOyr model for multicast distribution, based on source-
model to accommodate multiple QoS’s by introducing a linkooted trees computed from unicast routing is representative of

cost that depends on the level of service. This, in turn, affegtfe most widespread multicast routing protocols (e.g., PIM's
the canonical form that was introduced in Section IV-B. With

[ distinct levels of QoS, the family of functiong becomes — *'Fu {Z3 —0'} — R andFy: {23 — 0} = RL.

28]f the set of qualities of service is completely ordered then the problem

26\We should note that we have also analyzed a two-pass accountieguces to what has been called in the literatureaihgort game(see [10])

mechanism, where the first pass goes upstream from receivers to sendersadrae the cost of the link is the cost associated with the highest QoS requested.
the second pass goes downstream from senders to receivers. In the contebdeog, the Shapley value of this game is easy to compute; it is very much like
model 2, this two-pass mechanism is capable of implementing all canonitia ELSD scheme in that every user shares equally the incremental cost of all
cost allocation strategies. However, since the ELSD policy seems the miestels less than or equal to their requested level. This cost allocation formula
natural policy and it does not require the extra complication of the two-pafs this special form of the problem can be axiomatized in a variety of ways
mechanism we will not discuss the two-pass mechanism here. (see [16]) and appears to be a rather natural choice.

VI. GENERALIZING THE MODEL
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SPT’s [7], MOSPF [17], DVMRP [26]). Some newer multicast The subset costs of the reduced network problem are the
routing protocols use different models for their distributiorsame as the original problem, and the equivalency axiom
CBT [1] uses a shared tree for all sources (core-rooteelquires that the cost allocations be the same. The anonymity
rather than source-rooted trees). PIM [7], in its sparse moaendition requires that all members at the same node be
enables mixing, within the same multicast group, sourcalocated the same cost. Thus, the allocations in this reduced
rooted shortest path (SPT) routes for some senders and a sipgt#dlem are characterized by two quantities, the allocation to
core-rooted shared tree for all other senders to the group. Thése upstream members and the allocation to the downstream
developments do not require modification of our analysis, sinoeembers. These allocations can depend on the number of
we only assumed that the route taken from a particular sourgaestream and downstream members, so they are expressed as
to a particular receiver is independent of the group membersfimctions £, (n,,, nq) and Fy(n,, ng). These costs must be
(i.e., the route a data packet will traverse to reach a specifionnegative, and the budget balance requirement means that
group member does not depend on who else has joined theF., (n., nq) + naFi(n,, ng) = 1. This is precisely the
group). This remains true for both core-rooted trees as wehnonical forme! Q.E.D.

as source-rooted trees and, thus, our results apply CBT anq’heorem 2: A cost allocation function satisfies the basic

PIM.2° . . P . X
e : . : and stand-alone axioms if and only if it is the equal link split
One maodification of routing that would invalidate our analy- .
sis is the ability to request alternate routes. There are proposda wnstr_eam (ELSD) fL_mctlon.
' Consider any canonical form’ that obeys the stand-alone

[27] to allow receivers to request a route that is d'ﬁerenatxiom. The stand-alone axiom implies th&y (n., ng) =

than the default unicast-based route. When an alternate ro - C .
is requested, the route is followed until it hits the sharebé n, > 0. Combining this with the budget balance condition

tree. Thus, the route will depend on the current multicanf‘F”(vn”’ @%Rﬁi’éﬁﬁgﬂ{‘h’eﬂéi;) 10?/[;?5; idi(ggirgil)ht?or-
membership, which violates one of the crucial assumptioné”d fd -~ - 9
of our routing modef ward to verify that the ELSD formula satisfies the stand-alone

axiom, so the converse holds as well. Q.E.D.

VII. A PPENDIX Theorem 3: A cost allocation function satisfying the basic

Theorem 1: A cost allocation formula satisfies the basi€ o> and the no-free-rider axiom must satisty:

axioms if and only if it is a canonical strategy.
It is straightforward to verify that any canonical form satis-
fies the basic axioms. We now show that any cost allocation

formula that obeys the basic axioms can be expressed.inconSlder any canonical fornf’. The no-free-rider ax-

|o“n‘1e is obeyed if and only ifl/(n, + nq) < Fy(ny, ng)
e

Fy(ng, ng) < Fy(ng, ng) YV (N, Nd) € Zyp X Zg.

the canonical form. Consider any cost allocation formula tha L ; i
y nevern; > 0. However, combining this with the bud-

obeys the basic axioms. We begin with the most general case 0 balance conditiom, F, (. na) + naFa(na, na) = 1

— I

a.networkN N (V.’ L. T) a_nd elltreeL. . TIN, R, lOC(M.)]' ields ny [LFy(ny, ng) — Fu(n,, ng)] > 0. Thus, when-
Since the allocation function is additive, we can restrict Oerver( ) € Zys X Zy, We must haver( ) >
attention to cost functions;, ; which have nonzero cost only My Nd ++ + A\, M) =

on the link (v, v;), and have unit cost on that link. MoreF“‘(n“‘7 na)- QED.
specifically, we know that Theorem 4: A cost allocation formula satisfies equivalency,
anonymity, and subset monotonicity if and only if it is the
Z [ei, 5 (vis v) % evi, vj)] = equal tree split (ETS) formula.
(@ 9w, vy )L Clearly the ETS scheme satisfies the anonymity, equiva-
and so lency, and subset monotonicity axioms. We must now show
that any allocation function which obeys the anonymity,
Z [afa(N, R, M, loc, ¢, j) % c(vi, v))] equivalency, and subset monotonicity axioms must be the ETS
(@ 3):(vi, vs)EL policy. Consider any networly = (V, L, T') with a root R,

=afa(N, R, M,loc,c) VN, R, loc, M, a:ms € M. setof memberd/, location function loc, and cost functian
men, consider another netwofk’ with a single link and the
me set of members all located on the node downstream from
the root. Set the cost of this single link to be the sum of all
link costs in the original networke:f{T[N, R, loc(M)], c}.
By anonymity, all assigned costs in this new network are equal
and so are given by the ETS formula. The costs of all subsets in
loc/ () = {vj: mg IS d.ownstream tqv;, vj)' thi_s new network are greatgr than or equal to the subset costs in
/ v;:  Otherwise original network (so all assigned costs must be greater than or
29Although this assumes that the route used when computing the staeq-ual) l?Ut the total (?OSt Is the same in the two trees; therefore,
alone cost is chosen using multicast rather than reverting to a unicast roufﬁ.e aSS|gned costs in both networks are the same. Q.E.D.

30Alternate path routing is not yet deployed in the Internet, but the
expectation is that even when deployed the use of alternate paths would alway8 The conditionsF, (0, ng) = 1 and Fy(n., 0) = 1 in the definition of
represent a very small percentage of the routes in use. F are irrelevant to the actual allocations.

We must now show that the cost allocations that result fro
cost functions:; ; can be expressed in terms of the canonic
form.

Consider theeducednetwork with the single linkv;, v;)
and the following loc function:
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Fig. 2. Subset monotonicity versus one-pass model.
Fig. 3. One-pass, model 1 versus equivalency.

Theorem 5:No cost allocation formula can satisfy the . ]
collusion prevention axiom. and (v, v3) = c(vz, v4) = 0. The equivalency axiom

Consider a simple network consisting of a single link (witfMPliés that the cost allocations to members @nand v,
unit link cost) connecting two nodes andv,, with the root Should be the sameifi() = afo() = afs(). However,
atw;. Let f,(M) be the cost allocated to a membey, if we the definition of model 1 implies that ;) = in(vy) =
place the set of membefd at nodev,. By budget balance, we [c(v1, v2)]/2. Thgrefore, the cost allocations cannot be the
must haves™"_, f.(M) = 1. Assuming|M| > 5 we can pick Same; contradiction. Q.E.D.

two membersn, andmg such thatf, (M) + f3(M) < 0.5.  Theorem 9: A model 1 cost allocation formula satisfies the
Removing all members butn, and mg, without loss of reduced basic axioms if and only if it can be expressed in the
generality, we can assunfg(ma+mg) < 0.5. Ifthe members gne-pass canonical form.
of M’ = M — mq — mg collude withm, their total cost |t js straightforward to verify that any one-pass canonical
(including m.) is just fo(ma +mg) < 0.5, which is smaller form satisfies the reduced basic axioms. We now show that any
than their original costl — fs(M) > 0.5. Thus, collusion model 1 cost allocation formula that obeys the basic axioms
prevention cannot hold. Q.E.D. can be expressed in the one-pass canonical form. Similar to the
Theorem 6: For any one-pass accounting mechanism, r§oof for Theorem 1, we begin with the most general case of
member can be allocated a cost greater than her unicast c8sREWOrkN = (V, L, T') and a treel/ = T[N, R, loc(M)].
From the definition of the one-pass model we know that: ﬁlnce.the allocation fgnctlon |s'add|t|ve, we can restrict our
nodes are budget balanced so their output and allocations @{#gntion to cost functions; ; which have nonzero cost only
bounded by their input and 2) ;) = c¢(v:, v;) + outlv;, v;) ©ON the link (v;, v;), and have unit cost on that link. We
for eachy; downstream ta;. Thus, ir(v;) < c{v;, v;)+in(v;). MUSt now show that all cost allocations that result from cost
If we iterate this inequality for each node along the path froffCtions ¢; ; can be expressed in terms of the canonical

R to any nodevx, and collapse the inequalities, we findform- _ o
in(ux) < cf[T(N, R, ), d. Q.ED. The anonymity axiom implies that all local member are

allocated identical costs. The definition of model 1 requires
Theorem 7:No cost allocation scheme implemented with ghat the residual costs passed on to all next hops are the
one-pass accounting mechanism can satisfy the subset maggne. These allocations can depend on the number of local
tonicity axiom. members and downstream next-hops, so they are expressed
Consider an accounting scheme that satisfies the subgefunctionsFi(n;, n,.) and F,(n;, n,.). These costs must be
monotonicity axiom. Consider the example in Fig. 2 of fonnegative, and the budget balance requirement means that
single tree T[N, R, loc(M)] with two different link cost niFy(ni, ne) + neFr(ng, ny) = 1. Using additivity, we can
functions: c1, ¢2. The cost allocations forl are straight- show that the allocations must be proportional to the incoming
forward: af;() = afz() = 10. Because the total cost ofcosts so
the tree remains the same, while no subset cost decreases,
subset monotonicity implies that the cost allocations mukbcal members: itw;) * Fi(ng, n.)
be the same forl and ¢2. To achieve this allocation for Residual costs to node, : out(v;, vx)=in(wv;)* F,.(n;, n,).
¢2 it must be that odts, v3) = 10. But we must have
out{vs, v3) = out(ve, v4) Which violates the local budget In model 1, the input costs to the next hap include
balance; contradiction. Q.E.D.both residual cost and the cost of the link connecting them:

Theorem 8:No cost allocation formulae that is imple-m(vk) = in(vi) = Fr(m, ) + (v, vg). This is precisely the
pLig-pass canonical form. Q.E.D.

mented by a model 1 one-pass accounting scheme can satis

the equivalency axiom. Theorem 10:A model 1 cost allocation formula satisfies
Consider a model 1 one-pass accounting scheme that satie- reduced basic axioms and the sharing-is-good axiom if

fies the equivalency axiom. Consider the following examplnd only if the functionsFi(n;, n,.) and F.(n;, n,) are

of a network illustrated in Fig. 3, where(vi, v2) > 0 nonincreasing of{Z3 — (0, 0)}.



HERZOG et al. SHARING THE “COST” OF MULTICAST TREES:

10

1 1

w @ (D

Fig. 4. No-free-rider axiom in model 1.

(8]
El

[10]

[11]
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We will show that the sharing-is-good axiom and th&t®!
nonincreasing property yield the same set of conditions on
Fi(ny, n) and Fy.(ng, n,.). When adding a local member to all4]
node already on the distribution tree, sharing-is-good requirgs,

Fi(ni+1, ny) < Fi(ng, ny)
Fr(nl + 17 nr) S Fr(nlv nr)

\V/(TLl, 7’Lr,») € Z_|_+ X Z_|_
\V/(TL[, nr) € Z+ X Z+_|_.

[16]

When adding a member to a node, which was not on !
distribution tree, at the nearest node on the tree sharing-is-ggog]
requires

Fl(TLl, n, + 1) < F[(TL[, 7‘L,r)
Fr(ny, ny +1) < Fo(ng, ny)

[19]
\V/(TL], 711\) € Z+_|_ X Z+
V(TL[, nr) € Z+ X Z+_|_.

[20]

[21]

When we combine these equations with the second condi-

tion in the definition of 7 we get exactly the nonincreasing[zz]
condition on all of{Z3 — (0, 0)}. Q.E.D.

Theorem 11:There is no model 1 cost allocation formula
that satisfies the reduced basic axioms and the no-free-ritfH
axiom.

Assume there is a model 1 cost allocation formula th&4]
satisfies the reduced basic axioms and the no-free-rider axiom.
In Theorem 9, we have shown that all model 1 cost allocatigss)
formulas obeying the reduced basic axioms can be expressed in
the one-pass canonical form. Consider the tree detailed in Fig.
4: with no members iny, F.(0, 2) = 1/2 for all formulas, [26]
resulting in ifv4) = 6. With no next-hops downstream of,

Fy(2, 0) = 1/2 for all formulae, making the allocation to eachy,7,
member ony, exactly three, which is less than 11/3 (unicast
cost| M ). Q.E.D.
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